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Part V. Data Reduction by Maximum Likelihood 

A systematic study is presented of the objective functions applicable 
to the reduction of vapor-liquid equilibrium data by regression procedures 
based on the principle of maximum likelihood. Numerical results are based 
on a set of artificial r-y-P data constructed so as to conform to the assump- 
tions that underlie proper application of this principle. 

SCOPE 

Experimental data for x, y, and P, measured at con- 
stant temperatwe for binmy system in VaPor-kPid 

(vLE), may be reduced by a variety Ot re- 
gression procedures based on weighted least-squares tech- 
niques. When errors in the data set are small, independent, 
and normally distributed, appropriate weighting factors 

are provided by application of the principle of maximum 
likelihood. Even then, one must choose from a diversity 
of objective functions. We present here the results of a 
systematic study Of the characteristics Of a number Of 

such objective functions. 

CONCLUSIONS AND SIGNIFICANCE 

Although several objective functions with weighting 
factors based on the principle of maximum likelihood 
are found suitable for reduction of accurate isothermal 
VLE data, none proves superior to the method proposed 

by Barker (1953). Since this method is based on the r-P 
data subset, measured values of Y Serve no Purpose be- 
yond providing the means for a test of thermodynamic 
consistency, In any event, accurate measurements of 
are essential to any acceptable set of VLE data. 

Earlier parts of this series (Abbott and Van Ness, 1975; 
Van Ness et al., 1973) described various methods which 
permit the reduction of vapor-liquid equilibrium (VLE) 
data so as to provide thermodynamic properties of liquid 
phases, One cannot compare these methods on the basis 
of their correctness because all are mathematically proper. 
Questions which arise because of imperfections in the 
data and inadequacies of the fitting equations must be 
answered from a pragmatic point of view. We report here 
some practical results of a study of certain regression 
procedures. 

We consider VLE data for binary systems taken at 
fixed temperature and at pressures low enough that gas- 

phase nonidealities and liquid-phase Poynting effects 
do not enter significantly into the calculations. We pre- 
sume that a data point is made up of values for xl, yl, 
and P taken at a fixed T for which values of PISat and 
Pzsat are established. We define as experimental values 
those quantities calculated directly from the experimental 
data by 

-yi = yiP/xiPisat ( i  = 1, 2) (1) 

71/72  = ylx2P2Sat/yzXlPlSat (2) 

GE/RT = XI In 7 1  + ~2 In 7 2  (3)  
Q = GE/xlxZRT = (In yl) / x z  + (In 72)  / X I  (4) 

These simple equations reflect the stated assumptions and 
exclude second-order effects that merely add complexity 
with respect to this work. 0001-1541-78-1733-1055-$01.05. Q The American Institute of Chem- 

ical Engineers, 1978. 
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The object of data reduction is to find an analytical 
expression for as a function of xi (a  mathematical 
model) that leads through the equations of thermody- 
namics to predicted values of the variables in as close 
agreement as possible with their experimental values. 
Given a model equation applicable to the liquid phase 
at constant T 

9" = G(X1, a, A * * .) (5)  
where ,a, 6, . . . are parameters and the asterisk denotes 
a predicted value, then we can also predict 

(9) 

With known values for the parameters a, p ,  . . . and for 
given values of xl, various comparisons can be made 
between values predicted by these equations and the 
corresponding experimental values reported as data or 
calculated from the data by Equations (1) though  (4). 
Moreover, regression techniques allow determination of 
best values for the parameters (Y, ,8, . . . by minimization 
of various functions of the differences between like quan- 
tities as predicted from the model and calculated from 
the data. For a set of xl-yl-P data, one has a wide variety 
of functions from which to choose, and, unless the data 
are perfect, different choices lead to different best values 
of the parameters Q, 6, . . . for a given model. We there- 
fore have the problem of determining a best procedure 
for producing best values of parameters. Probably no 
truly best procedure exists for all circumstances, given 
the diverse factors that influence the choice: 

1. The completeness, extent, and quality of the data. 
2. The nature of the mathematical model, its flexibility, 

and intended use. 
3. The subjective judgment which inevitably conditions 

the selection of a regression technique. 
The thermodynamic properties of a liquid are func- 

tions of its composition xl, the temperature T ,  and the 
pressure P. However, outside the critical region, pressure 
has little influence, and the effect of pressure on the 
excess Gibbs function and activity coefficients is treated 
through the Poynting correction. Thus, pressure does 
not enter as a variable in mathematical expressions which 
model the excess Gibbs function, and only x1 and T 
appear as independent variables. In VLE measurements, 
P and y1 are therefore considered dependent variables. 

FUNDAMENTALS OF DATA REDUCTION 

Several possibilities for reduction of isothermal VLE 
data are evident from the equations already given. If 
we define a residual T as the difference between a pre- 
dicted value and the corresponding experimental value, 
then parameter evaluation can be accomplished by any 
procedure which leads to a set of parameters that makes 
the set of T values very small. A least-squares technique 
is almost always used. The point here is that several 
different residuals are available from the data, for example: 
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1. r A  = 9" - 9, with 9" given by Equation ( 5 )  and 
by Equation (4). 
2. r B  = yl* - yl, with yl0 given by Equation ( 6 ~ )  

and y1 by Equation (1). 
3. zc = y2" - yz ,  with yzo given by Equation ( 6 b )  

and 7 2  by Equation (1). 
For a given set of xl-yl-P data points, parameter evalu- 

ation can be based on each of these residuals, perhaps 
with discordant results. The problem is that for internal 
consistency the experimental activity coefficients must 
conform to the Gibbs-Duhem equation: 

In method 2 only activity coefficients for component 1 
enter the calculations, and in method 3 only those for 
component 2. If the experimental values are inconsistent 
with Equation ( l o ) ,  then methods 2 and 3 yield different 
sets of parameters, because each method treats the 
activity coefficients of just a single component. 

Method 1, which is based on activity coefficients for 
both components, yields a third set of parameters for 
inconsistent data and is best described with reference 
to the schematic diagram of Figure 1. The circles repre- 
sent experimental values of In y1 and In yz calculated by 
Equation (l), and the triangles are experimental values 
of from Equation ( 4 ) .  The line labeled 5" represents 
values predicted by a suitable model as a result of a 
fit by method 1. Predicted values of In yIo and In y2*, 
represented by the dashed lines, come from Equations 
( 6 a )  and (6b) .  Since the Gibbs-Duhem equation is im- 
plicit in these equations, all predicted values must con- 
form to it. Thus, experimental activity coefficients not 
consistent with this equation cannot be in agreement 
with predicted values. To put it another way, values 
of In y1 and In yz  combined through addition [Equation 

Jb 

In 6 

0 
0 1 

X 1  
Fig. 1. Schematic diagram showing the relation between experimental 

and predicted values for in:onsistent data. 
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(4 ) ]  to give the correlation 9" agree with the values 
of In yl" and In y2" obtained through differentiation of 
8" [Equations (6a) and (6b ) l  if and only if the former 
values satisfy Equation (10).  This test of thermodynamic 
consistency was the first of the modern comparison tests 
to be proposed (Van Ness, 1959). 

The fundamental reason that consistency can be tested 
and that inconsistency can be demonstrated is that data 
points comprising xl-yl-P values contain more information 
than is necessary with respect to the equations that must 
be satisfied. Subsets of xl-P data or xl-y, data are en- 
tirely adequate to allow determination of sets of param- 
eters CY, 8, . . . Since Equation ( 8 )  does not require yl 
values for the calculation of P", a residual r = P" - P 
provides the basis for a data reduction procedure with 
xl-P data only, a method originally proposed by Barker 
(1953). Similarly, the ratio y1"/y2" of Equation (7) 
does not contain the pressure 

Thus, a residual r = yl" - yl is the basis for reduction 
of a xl-yl data subset. Two sets of parameters ,a, 6, . . . determined from xl-P and rlyl data subsets cannot 
possibly be in agreement unless the full xl-yl-P data set 
is thermodynamically consistent. If one has available 
only a subset of data, then no question of consistency 
arises, because each contains alone exactly the informa- 
tion necessary for data reduction. 

REGRESSION PROCEDURES 

Best values for a set of parameters CY, t9, . . . are usually 
obtained through regression by a weighted least-squares 
technique which converges on values that minimize the 
S U m  

where j is an index running over all data points. As al- 
ready indicated, one has a choice of residuals r j .  Similarly, 
a choice may also be made of the weighting factors wl, 
which are determined in some reasonable way. Many 
authors have considered weighting factors of unity for 
all data points to be reasonable. Recently, Fabries and 
Renon (1975) and Pkneloux et al. (1976) have recom- 
mended weighting factors based on the principle of max- 
imum likelihood as being more reasonable. We now con- 
sider in a systematic way various residuals and their 
maximum likelihood weighting factors for use in the 
objective function of Equation (11). 

Equation ( 1) represents the fundamental relation which 
must be satisfied for vapor-liquid equilibrium in binary 
systems under the simplifying assumptions we have im- 
posed. We rewrite it as 

o = y i -  yip ( i  = 1,2) 
xipisat 

Note that all symbols stand for experimental values. If 
we replace yi by yiu, the difference between terms on 
the right is not, in general, zero because we must pre- 
sume imperfect agreement between the model and the 
experimental data. Therefore, we write 

We distinguish between the function on the left, which 
is considered continuous and differentiable, and the re- 
siduals on the right, which are discrete values correspond- 
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ing to data points. The functional relationship is more 
simply stated as 

The principle of maximum likelihood leads to the re- 
sult that the weighting factors are the variances of the 
residuals, given by 

For simplicity, we omit the subscript i, which merely 
identifies a constituent. The quantities uz, uy, UP, and UT 
are estimates of the standard deviations in the measure- 
ments of x, y, P ,  and 2'. One assigns values to these 
quantities from an evaluation of the experimental data 
set. Different values could be assigned for each data 
point, but in practice assignments for the whole data 
set are more realistic. We therefore put no index j on 
these quantities. The partial derivatives are taken at 
constant values of 01, /3, . . . but are evaluated anew for 
each data point. 

The principle of maximum likelihood as applied here 
is based on several fundamental assumptions: 

1. Experimental errors are small. 
2. Experimental errors in the measured variables are 

independent of one another, both for a given data point 
and from point to point. 

3. Experimental errors display a Gaussian distribution 
with zero mean deviation from correct values. 

4 .  The fitting equation (mathematical model) is in- 
herently capable of representing the correct values with 
deviations of an order less than the order of the experi- 
mental errors. 

These assumptions must be satisfied if one is to assert 
that the principle of maximum likelihood provides weight- 
ing factors for Equation (11) more reasonable, more 
rigorous, or statistically more meaningful than some other 
method. 

Expressions for the derivatives in Equation (13) that 
follow from Equation (12) are obtained by partial dif- 
ferentiation: 

Since errors are assumed small, y,* and yL are for prac- 
tical purposes the same and can here be used inter- 
changeably. Therefore 

dF i  yi" 

ax, 9 

For the first chemical species, i = 1, and 

aF1 Y1" 

dx1 x1 

aF2 Y2" d In 72" Y2* 

ax2 x2 dx2 

- = - ( 1  + XI 
When i = 2 

- = -( 1 + x2 -) = x, (1 - x2 - 
As a result of Equation ( l o ) ,  this becomes 
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TABLE 1. INTERCHANGEABLE FUNCTIONS AND RESIDUALS FOR and each term of the sum given by Equation (11) be- 

Case 

1 

2 

3 

4 

5 

6 

7t 

8t  

9t 

MAXIMUM LIKELIHOOD 

Function, Fi Residual, ri 

Y i  Ti 

t The expression for T I  follows from the approximation 
Y t O  - Y i  yt* - ya 

Y f 

we have 

Similarly 
aFi/axi = yi*r/xi 

dFi/dyi = - yi"/yi 

aFi/aP = - yi"/P 

aFi/aT = yioTri 

where 
d In Pisat 

dT 
T' = 

1 -  

For a particular data point i, Equation (13) becomes 

ui2 = ( yior/xi) 2cz2  + (yi"/yi) 2uy2 

+ (yio/P)2up2 + ( y i o " i ) 2 r T 2  ( i  = 1, 2) 

Case 

1 

1A 

4 

7 

8 

9 
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- . -  
comes 

2 [(Yi" - ~ i )  /yi0l2 ($1 = (ru,/xi)z + (cT,/yi)z + (up/P)z + ( a T n i ) 2  

( i =  1,2)  (14) 

Since Equation (1) can be written in various equiva- 
lent ways, a number of residual functions alternative to 
that of Equation (12) may be written. Each represents 
a specific residual, and all are interrelated. This is in- 
dicated by Table 1, where case 1 shows the function 
given by Equation (12).  Cases 6 and 7 are clearly equiv- 
alent, as are cases 5 and 8. If we go through the deriva- 
tions for each case, exactly as was done for case 1, we 
find that Equation (14) is regenerated in every instance. 
All cases are therefore equivalent, and the two fundamental 
relations of equilibrium, Equation (1) with i = 1 and 
with i = 2, lead to just two objective functions for Equa- 
tion ( l l ) ,  regardless of how the residual is expressed. 
This is a property of the maximum likelihood method. 

In addition, however, we can treat the two equilibrium 
criteria jointly, combining the two objective functions 
( i  = 1 and i = 2) and minimizing them simultaneously: 

Alternatively, we can adopt the method of Fabries and 
Renon (1975), which takes account of the covariance 
of the residuals rl and 72, and minimize 

r12u22 + rz2u12 - 2rlr2~122 

j=1 

In both cases, rl = yl" - yl and r2 = yz' - y2. The co- 
variance u12 is given by 

If u12 = 0, Equation (16) reduces to Equation (15). 
In these methods, the Gibbs-Duhem equation automatic- 
ally enters as a constraint. 

A still greater variety of objective functions results 
when we generate new functions F and residuals r by 
combining the F(s and the 7;s; for example, by addition 

TABLE 2. COMPOSITE FUNCTIONS AND RESIDUALS FOR MAXIhlUM LIKELIHOOD. C A S E  
NUhlBERS CORRESPOND TO THOSE OF TABLE 1 

Function, F Residual, r 
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F = F1+ FZ 

r = rl + r2 

Those of greatest apparent interest are shown by Table 
2. In each case, an appropriate variance Z is determined 
for each function F for use as the weighting factor w 
with the corresponding residual r to form an objective 
function for minimization in accord with Equation (11).  
For example, the derivatives required in Equation (13) 
for the function of case 4 (Table 2)  are 

aF/axl = (Plsatyl* - P2satyZn)r 

aF/dyl= o 
aF/aP = -1 

aF/aT = xlPpty l*?r l  + XZP2satyZ*?r2 

From these results and from the function itself, we see 
that the yl values of the data do not enter into the data 
reduction process. Only the 21-P data subset is required 
in this case, which is the maximum likelihood version of 
Barker’s method. 

Similarly, application of case 7 does not require P 
values, and the xl-yl data subset suffices for data reduc- 
tion. In this case, the derivatives are 

aF/axl = r/xlx2 

aF/aP = o 
aF/ayi = - 1/y1~2 

aF/dT = - 1 ~ 2  

Case 8 is particuIarly interesting in reIation to much 
of the work done in the past. Here, the necessary deriva- 
tives are 

aF/axl = o 
aF/ayi = (91 - xi)/yiyp 

aF/aP = - i / ~  

aF/aT = xlT1 + xZp2  

Surprisingly, this function is insensitive to errors in XI. 

Since x1 is the independent variable, values for x1 are, 
of course, essential. Nevertheless, errors in XI, provided 
they are smalI, do not propagate into F .  This same result 
is also found for case 9, which in maximum likelihood 
is identical to case 8. Thus, when residuals in the thermo- 
dynamic functions GE and are the basis for reduction 
of VLE data, effective use is not made of measured values 
of xl, and the quality of fit depends solely on the accu- 
racy of the P and yl measurements. However, the inde- 
pendent variable x1 is invariably measured, and experi- 
mental methods are designed to provide accurate values. 
Moreover, calculations show that these functions yield 
results inferior to the others; we therefore exclude them 
from further consideration. 

In addition to the cases listed in Table 2, each of 
which leads to a distinct objective function, we can 
combine objective functions and minimize them simul- 
taneously, Perhaps the most promising combination is 
of case 4, which depends on the xl-P data subset, and 
case 7, which depends on the xl-yl data subset. Then 
we minimize 

where r and r‘ appear in Table 2 as cases 4 and 7. We 
note that the ratios r/u and r ’ / d  as provided by the 

method of maximum likelihood are automatically scaled 
so as to be suitable for direct combination. 

RESULTS OF DATA REDUCTION 

A diversity of objective functions is clearly available 
within the context of the maximum likelihood method. 
They lead to diverse results, as we will illustrate. How- 
ever, we must be certain that the data set conforms to 
the assumptions which condition proper application of 
the method. To this end, we generate by Equations (6) ,  
( B ) ,  and (9)  an artificial set of perfect data points, 
representing approximately the data of Fried et al. (1967) 
for pyridine-tetrachloroethylene at 60°C. The mathemat- 
ical model is a three-parameter Margules equation: 

with 

The assigned vapor pressures are 

go = Azixi + -412x2 - Dxixz (19) 

A21 = 0.83379 A12 = 0.87395 D = 0.26813 

Plsat = 110.95 mm Hg PzSat = 94.88 mm Hg 

No corrections are made for gas-phase imperfections or 
for the Poynting effect, either here or subsequently. Data 
points generated at 99 values of x1 are distributed uni- 
formly in the interval 0 < x1 < 1.0. These together with 
the given Pisat values represent a perfect set of data, 
perfectly correlated by Equation (19) .  

To the y1 and P values of this perfect set we add 
errors picked randomly from two infinite sets of random 
errors having a Gaussian distribution with zero mean 
value and with standard deviations of uV = 0.003 and 
a p  = 0.3 mm Hg. This collection of 99 xl-yl-P data 
points represents the experimental data base. We could 
also introduce error into the x1 values, but this seems 
pointless and merely gives a set of slightly different 
values to the independent variable. The data base as 
generated certainly satisfies the assumptions upon which 
the maximum likelihood method is predicated. The errors 
are small, independent, and normally distributed; the 
fitting equation is inherently capable of representing the 
correct values without error. I t  is not possible with a 
set of real data to know that these conditions are fulfilled. 

With this data base as a source, we study the effective- 
ness of various objective functions in data reduction by 
the maximum likelihood method. The steps followed are: 

1. Select ten data points at random from the data base. 
These, with the perfect PiSat values, form a data set. 

2.  Reduce this data set to determine Azl, Alz, and D 
in Equation (19) ,  with nine different objective functions. 

3. Calculate ylu and Po for each x1 by Equations (8) 
and (9)  for comparison with the perfect values. This 
comparison yields values for RMS Ayl  and RMS AP for 
each objective function. 
4. Repeat this process twenty times. From the com- 

plete set of results, find for each objective function mean 
values of the parameters &, 2 1 2 ,  and and their stan- 
dard deviations w ( A z l ) ,  u(A12), a ( D ) ,  and mean values 
of the RMS errors IiMS Ayl and RMS AP and their 
standard deviations U( RMS byl) and U( Rh4S AP). 

The nine objective functions of this study are indexed 
in Table 3. We also show in this table the relation of 
each residual to the errors in P and yl. The development 
follows from the definition 

ri = yi* 

The quantity in parentheses in the last term can be 
represented as the dserence S( yip). Since this difference 

Yi*P* YIP - (yi*P* - yip) 
X.p.sat 

t a  
- */i= xpsat - xipiSat - 

a a  
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TABLE 3. CASES TREATED IN NUMERICAL STUDIES 

- Y1 

- Y2 

r2 = 

r2 = 

- Y1 
- 7 2  

- Yl  
- Y2 

Residual 

= . 1 ( , , + + )  6P 

=&--) 6P 6yl 

( 7 1  + Y d p +  ( 7 1  

(71- Y 2 )  T +  ( Y l  

Y2 
6P 

6P 

minimized 
simultaneously 
minimized 
simultaneously 

Y l *  "/2O 
6Yl/yly2 r = - - - =  

7 1  Y2 
7 = 6 P  minimized 

t With w = 6. 

is presumed small, it can be expanded to give as a good 
approximation 

(yi"P" - yip) = 8(yiP) = yi8P + PSyi 

Therefore 

Since 

we get 
Yi Yi ri = yi* - y. * - - -8P + -8yi 
P Yi 

or, finally 

The other residuals of Table 3 follow from this and the 
fact that 6y2 = -Syl. If the predicted values P" and yl" 
approximate the true values, then 6P and 6yl approximate 
the errors in P and yl. This should certainly be thc case 
when the assumptions which underlie the principle of 
maximum likelihood are fulfilled. 

Although only errors in yl and P were introduced into 
the data base, this is not evident from the data themselves. 
Therefore, in determining values for the variance of 
residuals, we assume that all terms of Equation (17) 
contribute, and we assign the following values to thc 
estimates of the standard deviations in the measured 
variables : 

uz = 0.003 

#uy = 0.003 

up = 0.3 mm Hg 

UT = 0.1"K 

Values for vi = d In Pisaat/&' are constants evaluated 
from the Antoine equations for pyridine and tetrachloro- 
ethylene, and both are approximately -0.04"K-1 at 60°C. 
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- - 7 2 )  Y l  

+ "..) 
Y2 

Y2 

Notes 

Case 1, Table 1 

Case 1, Table 1 

Case 1, Table 2 

Case IA, Table 2 

( a )  and ( b )  combined 

Method of Fabries and Renon 

Case 4, Table 2 
Barker's method 

Case 7, Table 2 

(g)  and (h)  combined 

Results for data reductions based on ten data points 
are given in Table 4. With respect to yl, each procedure 
leads to a fit well within the standard deviation of the 
data base. This is not true for each case with respect to 
P .  Moreover, clearly superior results are provided by 
the objective functions indexed as ( e )  , (f) , (g) , and (i) . 
For these four, results are reported in lable 5 of a fu- 
ther study in which twenty randomly selected points 
form a data set. Again, twenty different data sets are 
reduced in each case. In addition, results of reduction 
of the entire 99-point data base are included in Table 5. 
All results for objective functions indexed ( e )  , (f) , (g), 
and (i) are displayed graphically in Figure 2, where 
the points represent the AP's and Ay's given in Tables 
4 and 5, and the upper and lower limits show the cor- 
responding values of k ~ ,  

One wants smaII bias and smaII standard deviations 
of the fitting parameters from their true values. A com- 
promise statistical parameter which incorporates both 
requirements is the mean-square error (Jenkins and Watts, 
1968) : 

Values for this quantity are included in Tables 4 and 5. 

DISCUSSION 

The results clearly show that for the data base con- 
sidered, parameters found by Barker's method are as 
successful in reproducing the perfect data set as are 
those found by any other maximum likelihood method. 
Indeed, for ten data points, representative of many real 
data sets, Barker's method is slightly superior to any 
other, as is evident from the MSE and RMS values 
given in TabIe 4. Since Barker's method makes use of 
just the x l - P  data subset, this conclusion tends to refute 
the often-stated opinion that measured values of yl 
provide valuable added information, which should be 
incorporated in the VLE data reduction scheme to im- 

AlChE Journal (Vol. 24, No. 6)  



TABLE 4. RESULTS O F  DATA REDUCTION WITH TEN DATA POIhTS. THE IDENTIFYING INDEX REFERS TO TABLE 3. 
A y l  A ~ - D  AP DETERMINED IN RELATION TO THE PERFECT DATA SET 

0.838 
0.019 
0.885 
0.022 
0.278 
0.072 
0.025 
0.0012 
0.0004 

0.841 
0.025 
0.868 
0.027 
0.257 
0.082 
0.032 
0.0013 
0.0005 

0.844 
0.026 
0.888 
0.035 
0.306 
0.107 
0.061 
0.0014 
0.0007 

0.861 
0.031 
0.898 
0.031 
0.349 
0.091 
0.070 
0.0016 
0.0006 

0.824 
0.020 
0.860 
0.015 
0.211 
0.062 
0.033 
0.00 11 
0.0006 

0.823 
0.013 
0.863 
0.015 
0.225 
0.050 
0.020 
0.0009 
0.0005 

R m  mm Hg 0.20 0.24 0.20 0.32 0.13 0.10 
U (  RMS AP), mm Hg 0.10 0.09 0.09 0.16 0.06 0.04 

True values. 

TABLE 5. RESULTS OF DATA REDUCTION WITH TWENTY AND 
WITH 99 DATA POINTS. THE IDENTIFYING INDEX REFERS TO 

PERFECT DATA SET 
TABLE 3. A y l  AND AP DETERhlINED IN RELATION TO THE 

Twenty data points 

4 A z i )  
A12 ( 0.874 ) * 
d A12) 

D (0.268)O 
4 D )  
MSE 
RMS Ayl  
d R M S  Ayi 
RMS AP, mm Hg 
o(RMS AP), mm Hg 

- 
Azl ( 0.834) O 

- 

- 

0.826 
0.012 
0.861 
0.014 
0.227 
0.051 
0.020 
0.0007 
0.0004 
0.08 
0.04 

0.822 
0.008 
0.857 
0.011 
0.212 
0.039 
0.022 
0.0007 
0.0004 
0.09 
0.04 

0.827 
0.013 
0.866 
0.012 
0.236 
0.053 
0.018 
0.0007 
0.0003 
0.07 
0.03 

0.826 
0.010 
0.863 
0.013 
0.229 
0.045 
0.017 
0.0006 
0.0004 
0.07 
0.04 

99 data points (el ( f )  (g) ( i )  (h) 
A21 (0.834' ) 0.829 0.828 0.825 0.826 0.856 
A12 (0.874)" 0.865 0.865 0.865 0.865 0.892 
D (0.268) O 0.237 0.236 0.226 0.231 0.312 
RMS A y l  0.0004 0.0004 0.0005 0.0004 0.0007 
R M S  AP, mm Hg 0.03 0.03 0.04 0.04 0.26 

True values. 

prove the correlation, Actually, the only value of such 
information is for consistency testing. Indeed, consistency 
lies at the heart of the matter. 

The 99-point data set of this study, constructed by 
the introduction of normally distributed random errors, 
is not consistent, None of the data reduction methods 
with all 99 points and the perfect Pisat values regenerates 
the original parameters from which the perfect data set 
is constructed, and no two methods lead to the same 
set of parameters. On the other hand, reduction of the 
perfect set of 99 points does regenerate the original 
parameters, regardless of the method. Thus, perturbation 
of a perfect data set with random errors such that the 
overall distribution of errors is Gaussian does not pro- 
duce a consistent set of data, Consistency requires that 
the local distribution be Gaussian at every value of xl. 
Such a data set would be consistent, and all maximum 
likelihood methods of data reduction would converge 
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10 DATA POINTS ~ I 16 - -I 

- 

4 2- - I  1 -  

0.832 
0.013 
0.870 
0.014 
0.257 
0.062 
0.019 
0.0008 
0.0004 
0.09 
0.03 

20 DATA POINTS 

T 

( h )  

0.866 
0.026 
0.903 
0.035 
0.350 
0.089 
0.070 
0.0016 
0.0007 
0.38 
0.26 

( i )  

0.823 
0.013 
0.856 
0.012 
0.205 
0.049 
0.030 
0.0010 
0.0004 
0.11 
0.03 

99 DATA POINTS 

/ 
@ 0  

1 
Fig. 2. Results of data reduction for methods (el, (fl, (g), and (il 
(see Table 3). 4P and 4 y  refer to the appropriate entries of RMS 
values in Tables 4 and 5. Upper and lower limits represent corre- 

sponding values of k u .  

on the perfect values of the fitting parameters. Construc- 
tion of such a data base is impractical; neither would it 
be representative of real data. All this is not to say that 
the data base as generated is badly inconsistent; on the 
contrary, the 99-point set would satisfy any reasonable 
consistency requirements that one might impose on real 
data. Moreover, all maximum likelihood methods do 
regenerate the perfect data set to within reasonable tol- 
erances. Nevertheless, residual imperfections do taint the 
data base, making it less than perfectly consistent. No 
real set of data is likely to be better. These imperfections 
in the data underlie the diversity of results produced 
by different fitting methods. 

When a set of xl-yl-P data is reduced, the effect of 
data imperfections enters in two ways, depending on 
whether the method is based on a single equation of 
equilibrium [Equation (1) with i = 1 or i = 21 or on 
both equations [ i  = 1 and i = 21. In the first circum- 
stance, represented by methods ( a )  and (b) of Table 3, 
data reduction is based on only half of the thermodynamic 
information available and is inherently deficient, leading 
to correlations of imperfect data that are not the best 
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possible. The Gibbs-Duhem equation is not implicit in 
these methods. In the second circumstance, represented 
by methods (c),  (d) ,  (e ) ,  ( f ) ,  and ( i )  of Table 3, 
the Gibbs-Duhem equation is implicit and imposes a 
constraint on the results. Neither FP nor Syl is minimized; 
the residual is some constrained function of these errors. 
With imperfect data, this constraint may act to distort 
the results by magnifying both SP and Syl in a compen- 
sating way, leading again to correlations that are not 
the best possible. 

Finally, we have methods (g )  and (h)  of Table 3. 
Each is based on reduction of a data subset: wl-P data 
for Barker’s method (6) and xl-yl data for method (h)  . 
Both methods make full use of applicable thermody- 
namic information, but neither is constrained by the 
Gibbs-Duhem equation. Barker’s method (g)  results in 
direct minimization of SP, thus yielding the best possible 
fit of the pressures in comparison with the actual data 
set, though not always quite the best in comparison with 
the perfect data set. Method (h)  provides direct mini- 
mization of 6y1, yielding the best possible fit of the yl’s 
in comparison with the actual data set, but always the 
worst in comparison with the perfect data set. 

Consistent with previous experience (Van Ness et al., 
1973), this study demonstrates the superiority of fitting 
to P rather than to yl. The nonlinear nature of the equa- 
tions is such that imperfections in yl propagate into 
exaggerated errors in P, whereas imperfections in P prop- 
agate into minimal errors in yl. This is seen in the results 
of Table 4. Whereas Barker’s method (g)  yields not only 
the smallest average value of AP but also of in 
comparison with the perfect data, method ( h ) ,  based 
on xl-yl data alone, gives the largest average RMS value 
of AP. Even with the complete set of 99 data points, 
method (h)  still yields poor results, as is seen from 
Table 5. The net effect of imperfections in the y1 values 
is severe distortion of the fitting equation and poor re- 
production of pressure values. No method that combines 
the P data with the y l  data succeeds in overcoming this 
negative influence of the y1 imperfections to the point 
of improving significantly on Barker’s method, wherein 
the y1 data are not taken into account. 

Parallel calculations by unweighted least-squares tech- 
niques ( w  = 1) were made corresponding to all maxi- 
mum likelihood calculations reported here. For Barker’s 
method (g)  , maximum likelihood and unweighted least 
squares produce identical results in every instance, be- 
cause the maximum likelihood 0’s show little variation 
from point to point, producing about equal weighting 
of all points, For all other methods, regardless of the 
number of data points, the maximum likelihood proce- 
dure produces superior results, decidedly so in all cases 
except for method ( i ) ,  where the advantage is slight. 

One cannot be sure that conclusions reached as a re- 
sult of this study are completely general. They are, how- 
ever, supported by the results of calculations done with 
a second 99 point set of artificial data, representative of 
the data of Kretschmer and Wiebe (1949) for ethanol- 
toluene at 55°C. For this highly nonideal system, Barker’s 
method proved much superior to all others for both the 
maximum likelihood and unweighted least-squares pro- 
cedures, and the two procedures gave the same results. 

The primary conclusion reached as a result of this 
study is that Barker’s method, either in the maximum 
likelihood or unweighted least-squares version, is at 
least as good as any other method for the reduction of 
VLE data taken in such a manner as to avoid systematic 
error. Even then, the data inevitably contain imperfec- 
tions, the adverse influence of which cannot be overcome 
by any degree of statistical sophistication supposedly 

designed to improve on Barker’s method through beat- 
ment of the complete xl-yl-P data set. Data which con- 
tain systematic error, detectable as unacceptable incon- 
sistency, cannot be treated correctly by any procedure 
based on the assumption of random distribution of errors 
centered around correct values of the measured variables. 
In this situation, no method of data reduction which 
combines yl and P data is acceptable. If one cannot 
regard the P’s as reasonably accurate, the data set should 
be disregarded. Consistency testing is best done by the 
comparison of yl values calculated by Barker’s method 
with experimental values (Abbott and Van Ness, 1975). 
Data of acceptable consistency can be adequately re- 
duced by methods other than Barker’s, namely, by meth- 
ods (e) ,  ( f ) ,  and (i) of Table 3, and here the maximum 
likelihood procedures should certainly be used. We cannot 
recommend other methods and specifically urge that 
routine methods based on minimization of residuals in 
G“ or GE/rlxz be abandoned. 
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NOTATION 

Alz, Azl, D = parameters in Equation (19) ; represented 
in Equation (20) by B j  
mean (estimated) value of parameter Bj 
true value of Bj 
function; see Equation (12) 
excess Gibbs function for liquid phase 
pressure 
saturation vapor pressure of pure i 
universal gas constant 
sum of squares 
absolute temperature 
number of parameters Bj; here three 
partial pressure of species i ( =yip) 
residual or difference between predicted and ex- 
perimental values 
weighting factor in Equation (11) 
mole fraction of species i in liquid phase 
mole fraction of species i in vapor phase 
G E / ~ 1 ~ 2 R T  

Greek Letters 
r = 1 + x1 ( d  In y l ’ / d x l )  
CY, p = parameters, in general 
yi = activity coefficient of species i in liquid phase 
oj = d In Pisa”tdT 
c = a standard deviation 
AP 

~y~ 

6P 
Fyl 
Superscripts 
” = predicted value 

= difference between a computed pressure and the 

= difference between a computed y1 and the “per- 

= approximate error in experimental value of P 
= approximate error in experimental value of yl 

perfect value 

fect” value 
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Part 1. Single Bubble in Power Law and Bingham Fluids 

The Shenvood number and drag coefficient for a single gas bubble mov- 
ing in a power law fluid and a Bingham plastic fluid are obtained using per- 
turbation methods. The perturbation parameters for power law and Bingham 
plastic fluids are m (= n - 1/2) and E (= T,,R/U/.C,,), respectively. It is 
found that in the case of power Iaw fluid, mass transfer and drag increase 
with increasing pseudoplasticity. These theoretical results are found to be in 
good agreement with the availabIe experimental data and the data obtained 
in the present study. In the case of Bingham plastic fluid, mass transfer and 
drag are found to increase with increase in the Bingham number N g  (= 24. 
Contours of plug flow regions, where local stresses are less than the yield 
stress, are obtained as a function of the Bingham number N g .  These results 
qualitatively predict the zero terminal velocity observed for bubble motion 
in liquids with very high yield stress. They are also in good agreement with 
the trends of the results obtained previously for solid sphere motion in 
Bingham pIastic fluids. 

SCOPE 
There are numerous examples of bubble motion and processes, and food processing (Blanch and Bhavaraju, 

mass transfer in non-Newtonian fluids in antibiotic fer- 1976; Astarita and Mashelkar, 1977). In order to under- 
mentations, biological wastewater treatment, polymer stand these complex process situations, a first approach 

is presented in this study of single bubble motion and 
mass transfer in non-Newtonian fluids. The case of multi- 
ple bubbles is treated in a following paper. In general, 
polymer melts, fermentation broths, and some waste treat- 
ment processes exhibit pseudoplastic or Bingham plastic 
behavior. Hence, the effects of pseudoplasticity and yield 
stress are investigated in the present study. 
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